2. Mechanics of arigid body

2.1. Translation and Rotation In chapter 2: Mass points
In chapter 1. Mass point
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S —rrty

Movement of a rigid body:

Rotation + Translation

Kinematics of rotation: =

4@

e

A: Axis of rotation
@ . Axial Vektor (In direction of axis)

dr =dg x7 dr = d@ « r»sinH
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e.g.Translation

In general for a point on
+ Rotation

a rigid body:
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V = Vo +@ X ¥

Analoga:

Translation | Rotation

7 @

<]
~
2]
I
2]

Q)
I
~
e
<




2.2. Energy of rotation and moment of inertia

Mass point m . with a distance r;
relativ to axis of rotation A, & o

L)
E/I e

velocity v,
and kinetic energy |+-m; « v}
Vi = @; *F; * ‘riz
Total kinetic energy
Energy of rotation: Wey = L@? « Zim; « 77
Transition to a continuous distribution of mass: lp] = %
Idm-rz: WRGI=%m2Idm-r2; mi = Ay = dm = p - dV

. (Element of mass = density x

: : ] _ a2
Moment of inertia |: [I] = kg « m element of volume)



Analogy: Translation — Rotation: v-> wm-> |

| plays the same role of a movement of
rotation around an axis, as m at a translation

2.3. Momentum of rotation and torque
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Equation of movement: 7 = 5 .7 5 2
Product of vectors 7
- . — —_
P EF=7xm-r Weconsider : Central force: F 1 FFxF =0
— —

= F XM er= 10

cause@= ;’:i(r X 11 s r)
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But: 7 xm-7 (s.0. Momentum of rotation L

constant over time
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At a rigid body: L= mi FixVi=3 m Tix(@x7:)

Rules of calculations — — —
with vectors: & X (E}HE’)%&-{E-E’}—E’-(E.&)
7 (?

—*—*?;X(a ?1)=E)>( i ?;)—?i 1-5)
Momentum of rotation of a rigid body: with (7« 7:) = 77
E=E)'-Zimi-r§=f-5 713 > (7:i-d@) =0
- 4L 99
L}=kg-m2-s_1 at
Torque dL/dt=2 . m; T X Vi+ 2 i Fi XV =
7 _ dL Force times distance Z; Mi s Fi Xd;
it
‘ Basic law of dynamics
dL _ d(r.a) = ~| .
i = g 0) =13 of movement of rotation




- o - -
7' =1, »—»= " causeschangeof L

— —
For aclosed system: 7' = 0;—=»—=—--=/=0

The whole momentum of rotation of a system remains constant,
as long as no torgue from outside tackles.
Examples for momenta of inertia :

I=|dm«r?=ps[r?edVimit dV=2meredr-dh | p
i~ ———n

m— —_

[=2;-'1'.Q-h-j§r3-df"=2ﬂ"Q'h'iT4 |§

[=ﬂ'.g.h.%;da M:p.V:ﬂ'.Rz.h.p

= 1 /=0.5MR?




Similiar calculations: [(Sphere)=2*M*R? */5
|(Stick)=M*L2/12

What happens, if the axis of rotation A
not crosses the center of mass SP ?

[=Idm-r2=_[dm- Fe+d ?

— jdm-r§+2-§-jdm-?3+a2_[dm

=jdm-r§+2-c_:f-jdm-?3+a2jdm

| = Igp + 0 + a‘M
Rule of Steiner Example,
o again stick:
Moment of inertia around L
any axis ! I= LM L>+M. L

I=Lp.1?



2.4. Conversion of energy

Analogy from :
Energy of rotation: Ekin, = 5= » V2 Z Zir? - o
leads to 1

L r.m2
2[&)

Force against a centrifugal force with diminishing r

Energy in a system of rotation, e.g. rotating stool

I

- By | gets smaller. =@+1 r2—r1 wl>w2

— By, > E,, ~ Energyofrotation? Lo = 1r.e?

Energy goes into

_ ; _ 1 1%
because Li=L, the rotation system Lot = 37



2.5. Comparison

- Translation- Rotation

Translation Rotation
Distance: %(#) |Angle ¢
Velocity 3 =7} Angular velocity 5=7¢;
Acceleration —, _, 2, | Angular acceleration S o
a =v=rFr @=¢
Mass: m Moment of inertia I = | dm « 12
Force r | Torque TP E
ﬁ} = J » a’ - —.l
. T'=1@
The basic
= dp - _ dr
laws F== I'= 4




Uniform movements d=0,7=Vt B=0¢=03-1

Uniform accelerated movements:

y, ’ )
V=qd-t,s =4d- 12 d = constant @= constant
- = -2 — g2
) =) -r? = (1) =
b 2 Momentum: 7 =m.V
- . R . ¥2 - -
Kin. Energy. K, = m+ -5 Momentum of rotation: 7 = 7 - &

0

Rotat. Energy: Wi =1+« 5

Work and power:

W=[Feds  WwW=[T-d§

.—} ._}

P=F.% W=T.3



2.6. Equilibrium of arigid body 5
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Equilibrium: F=0;
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No translation: F=0=F, +fz + ]_7’3

|F3|=|F2|+|F1|

_ — — —> T_i F3
No rotation: I'=0I1+7,=0 N
— =
Fl)(?l-FFg)(?g:O Fy

Fl * 1 =F2'I"2

:>F1_?‘2
Fg_rl

Law of lever (Archimedes 250 v.Chr.)




Extended body: .

Under what cirumstancesis 7 = ()

Torque due to gravity: '}

To=3 Fixmxg  °
07? ,ifand only if Zimi-?3=0 f}};=mi-§;
L am =0
i 2.m If origin = center of mass

stable indifferent unstable
States of equilibrium:




Experimental determination of the Balance:
c.m. in a field of gravity Skala

Sensibility of the balance:
9 :'small" - sinY = I

= a MM =5G g M

My +my +Mim —my = AM;

ascosI(my —my)g=s+s1n9 g M

3 a

7 = sar — Thesmaller s, the larger the
sensitivity




2.7. Rotational oscillations Spiral spring

At displacement: Torque ~ G

—

— BOdy
7 = <p*<%7  Angular benchmark

rotation

Equation of movement: 7 9: _D* . 9

Solution: (#) = Jo *cos@o * ¢ 9, : max. displacement
= o= [ T=Tp+M-s

Compound pendulum Masse M

Torque: =M+ g5+ sinI
sind =8 = T=-M+gesg§

Tetrm I8 = [e9= Moges+8

. _ 2 —
Ipthts® MIt [ = Iy +M=5" 7205 = of the pendulum

M-g-s i Reduced length



